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Entanglement of the ℤ2 gauge Higgs model

• Entanglement of gauge theories is largely unexplored
• A boundary phase transition, can we observe in entanglement spectrum
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Toric code mode and the ℤ2 gauge Higgs model 

Gauge DOF

Matter DOF

Toric code model: 𝐻𝑇𝐶 ℤ2 gauge Higgs model: 𝐻𝐺𝐻

• Relation between Hamiltonians: 𝐻𝐺𝐻 = 𝑉𝐻𝑇𝐶𝑉
†

• Q: what is the relation between their entanglement structures?

• |Ψ𝐺𝐻⟩ = 𝑉|Ψ𝑇𝐶⟩ 𝜌𝐺𝐻 𝜌𝑇𝐶

I.S. Tupitsyn et.al, PRB (2010)

Identical bulk 
spectrum

Isometry 𝑉

Quantum channel



Outline

▪ Toric code (TC) model (in a magnetic field) and ℤ2 gauge Higgs (GH) model

▪ Quantum channel mapping between reduce density matrices of two models

▪ Contrast ground state entanglement Hamiltonian (EH) and entanglement spectra 

(ES) of TC and GH model

▪ Investigate the entanglement distillation of the ℤ2 GH model.



Toric code model in a magnetic field
• Toric code model in a magnetic field:

𝐻𝑇𝐶 = −෍

𝑣

𝐴𝑣 −෍

𝑝

𝐵𝑝 −ℎ𝑥෍

𝑒

𝑋𝑒 − ℎ𝑧෍

𝑒

𝑍𝑒 , 𝐴𝑣 =ෑ

𝑒∈𝑣

𝑋𝑒 , 𝐵𝑝 =ෑ

𝑒∈𝑝

𝑍𝑒 ,

• Polar coordinate parameterization: ℎ = ℎ𝑥
2 + ℎ𝑧

2, 𝜃 = arctan
ℎ𝑥

ℎ𝑧

• Electric-magnetic (EM) duality:

𝑈𝑇𝐶 : 𝑋 ↔ 𝑍, primal lattice ↔ dual lattice

𝑈𝑇𝐶𝐻𝑇𝐶(ℎ𝑥 , ℎ𝑧)𝑈𝑇𝐶
† = 𝐻𝑇𝐶(ℎ𝑧, ℎ𝑥)

Kitaev, Ann. Phys. (2003)

𝐴𝑣

𝐵𝑝



Isometry transformation
• An isometry transformation from toric code model to ℤ2 gauge Higgs model:  

𝑉 =ෑ

⟨𝑣,𝑒⟩

𝐶𝑋𝑣,𝑒ෑ

𝑣

+ 𝑣

• 𝐶𝑋: control X;  𝑉† 𝑉 = 𝕝, 𝑉𝑉† = ς𝑣
1+𝑋𝑣𝐴𝑣

2
.

Gauge DOF

Matter 
DOF

I.S. Tupitsyn et.al, PRB (2010)

  

 
 



ℤ2 gauge Higgs model
• ℤ2 gauge Higgs model:

𝐻𝐺𝐻 = 𝑉𝐻𝑇𝐶𝑉
† = −෍

𝑣

𝑋𝑣 −෍
𝑝

𝐵𝑝 − ℎ𝑥 ෍
𝑒

𝑋𝑒 − ℎ𝑧෍
𝑒

𝑍𝑣 𝑒 𝑍𝑒 𝑍𝑣′ 𝑒 ,

where

𝐴𝑣 =ෑ
𝑒∈𝑣

𝑋𝑒 , 𝐵𝑝 =ෑ
𝑒∈𝑝

𝑍𝑒

• ℎ𝑥 gauge fluctuation, ℎ𝑧 gauge-matter coupling.  

• Gauge constraint (Gauss law): 𝑋𝑣𝐴𝑣 = 1 ∀𝑣

from the isometry 𝑉𝑉† = ς𝑣
1+𝑋𝑣𝐴𝑣

2

• ℎ𝑧 = 0, pure ℤ2 lattice gauge theory: 

• 𝐻𝐺𝐻 = −σ𝑣𝐴𝑣 − σ𝑝𝐵𝑝 − ℎ𝑥 σ𝑒𝑋𝑒

Gauge DOF

Matter 
DOF

Kogut and Susskind, PRD, 1975



Phase diagrams and bipartition

• Same phase diagram: 𝐻𝐺𝐻 = 𝑉𝐻𝑇𝐶𝑉
†

• EM duality 𝑈𝑇𝐶 for TC:

𝑈𝑇𝐶𝐻𝑇𝐶 ℎ𝑥 , ℎ𝑧 𝑈𝑇𝐶
† = 𝐻𝑇𝐶 (ℎ𝑧, ℎ𝑥)

• EM duality for ℤ2 GH:𝑈𝐺𝐻 = 𝑉𝑈𝑇𝐶𝑉
†

𝑈𝐺𝐻𝐻𝐺𝐻 ℎ𝑥 , ℎ𝑧 𝑈𝐺𝐻
† = 𝐻𝐺𝐻(ℎ𝑧, ℎ𝑥)

• Entanglement bipartition:
𝜌𝑇𝐶 = Tr𝐿 Ψ𝑇𝐶 Ψ𝑇𝐶

𝜌𝐺𝐻 = Tr𝐿 Ψ𝐺𝐻 Ψ𝐺𝐻

Tr𝐿 Tr𝐿

𝐿 𝑅Tr𝐿
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Quantum channel
• Since Ψ𝐺𝐻 = 𝑉|Ψ𝑇𝐶 ⟩, what is the relation between 𝜌𝑇𝐶 and 𝜌𝐺𝐻?

• 𝜌𝑇𝐶 and 𝜌𝐺𝐻 are related by a quantum channel 𝒩:

𝜌𝐺𝐻 = 𝒩 𝜌𝑇𝐶 = ෍

𝑧1⋯𝑧𝑁

𝐾𝑧1⋯𝑧𝑁𝜌𝑇𝐶𝐾𝑧1⋯𝑧𝑁
†

• Kraus operators: 𝐾𝑧1⋯𝑧𝑁 =
1

2𝑁
ς⟨𝑒∈𝑅,𝑣∈𝑅∪𝜕𝐿⟩ 𝐶𝑋𝑣,𝑒ς𝑣∈𝜕𝐿 𝑧𝑣 𝑣⊗ς𝑣∈𝑅 + 𝑣

Bra:

Ket:

Tr𝐿 𝑧𝑣

Tr𝐿𝑉|Ψ𝑇𝐶⟩⟨Ψ𝑇𝐶|𝑉
†



• Graphic notation

𝜌𝐺𝐻 = 𝒩 𝜌𝑇𝐶 = ෍

𝑧1⋯𝑧𝑁

𝐾𝑧1⋯𝑧𝑁𝜌𝑇𝐶𝐾𝑧1⋯𝑧𝑁
†

• Gauge symmetry of the quantum channel (∀ 𝑒 ∈ 𝜕𝑅)

• Obtain all entanglement properties of ℤ2 GH model via solution of the TC model

• Find how symmetry applies on 𝜌𝐺𝐻 , which might be unusual.

Quantum channel

𝜌𝐺𝐻 𝜌𝑇𝐶𝐾 𝐾†=

𝐾 𝐾† 𝐾 𝐾†𝐾 𝐾†

𝑋𝑒 𝑋𝑒 𝑋𝑒 𝑋𝑒

= =



• Perturbed ground state wavefunction:

Ψ ℎ𝑥 , ℎ𝑧 =෍
𝑒

1 +
ℎ𝑥
4
𝑋𝑒 +

ℎ𝑧
4
𝑍𝑒 + 𝑂 ℎ2 |TC⟩ ,

where TC = |Ψ(0,0)⟩. Only σ𝑒∈𝜕𝑅 𝑋𝑒 and σ𝑒∈𝜕𝐿 𝑍𝑒 contribute the EH: 

Ground state EH of TC

Tr𝐿

Single line PEPS:

   

  
 

  
 

   

   

  
 

  
 

      

  
 

  
 

   

   

  
 

   

  
 

   

  
 

   

  
 



Ground state EH & ES of TC

• EH of a ground state with trivial anyon flux

𝐻𝐸,𝑇𝐶 = 𝑃+ log 2𝑁−1 −෍
𝑖=1

𝑁
ℎ cos𝜃

2
𝑍𝑖 +

ℎ sin 𝜃

2
𝑋𝑖𝑋𝑖+1 + 𝑂(ℎ2)

where 𝑃+ = (1 + ς𝑖 𝑍𝑖)/2.

• ES from PEPS; {𝜆𝑖} = eig 𝜌𝑇𝐶 ∼ 𝜎𝐿
𝑇𝜎𝑅 𝜎𝐿

𝑇 , Δ𝑖 =
−(log 𝜆𝑖 −log 𝜆0)

−log 𝜆1

where 𝜎𝐿 and 𝜎𝑅 are left and right PEPS transfer matrix fixed points 

𝟏
𝐿 𝑅Tr𝐿

𝜃 = 𝜋/4, 𝑁 = 10𝑁 = 8

Circumference 𝑁

W. W. Ho et.al.,, PRB.91.125119(2015)

J. I. Cirac, et.al., PRB.83.245134 (2011)



• Obtain ES and EH of ℤ2 GH model from 𝜌𝐺𝐻 = 𝒩(𝜌𝑇𝐶).

• If ∃𝑒 ∈ 𝜕𝑅 s.t. 𝑂, 𝑋𝑒 = 0, 𝒩 𝑂 = 0.

• 𝜌𝑇𝐶 = |TC⟩⟨TC| + σ𝑒
ℎ𝑥

4
𝑋𝑒 +

ℎ𝑧

4
𝑍𝑒 |TC⟩⟨TC| + ℎ. 𝑐. +𝑂(ℎ2)

• {𝑍𝑒1 TC TC , 𝑋𝑒2 = 0, so no term σ𝑖 𝑍𝑖 in EH of ℤ2 GH model 

• EH: a classical Ising chain

𝐻𝐸,𝐺𝐻 = 𝑃+ log 2𝑁−1 −
ℎ𝑥
2
෍

𝑖=1

𝑁

𝑋𝑖𝑋𝑖+1 + 𝑂(ℎ2)

Ground state EH of ℤ2 GH model

   

  
 

  
 

      

  
 

  
 

   

𝐾 𝐾†𝐾 𝐾†

𝑋𝑒∈𝜕𝑅 𝑋𝑒∈𝜕𝑅
=



• When 𝜃 =
𝜋

2
(𝜃 ≠

𝜋

2
), ES are the same (different).

• EM duality for TC

• From 𝜌𝐺𝐻 = 𝒩(𝜌𝑇𝐶), we have

Contrast the ES of TC model and ℤ2 GH model
ℤ2

 

𝜌𝐺𝐻𝑈𝐸,𝑇𝐶

(ℎ𝑧, ℎ𝑥) (ℎ𝑥 , ℎ𝑧)

𝜌𝐺𝐻 𝜌𝐺𝐻𝐾† 𝐾= 𝑈𝐸,𝑇𝐶 𝑈𝐸,𝑇𝐶
†𝐾 𝐾†

𝑈𝐸,𝑇𝐶
†= ≠ 𝑈𝐸,𝐺𝐻𝜌𝐺𝐻 ℎ𝑥 , ℎ𝑧 𝑈𝐸,𝐺𝐻

†

(ℎ𝑥 , ℎ𝑧)

𝜌𝐺𝐻 𝜌𝑇𝐶𝐾 𝐾†=

𝜌𝑇𝐶𝑈𝐸,𝑇𝐶 𝑈𝐸,𝑇𝐶
†=

(ℎ𝑥 , ℎ𝑧)(ℎ𝑧, ℎ𝑥)

𝜌𝑇𝐶

𝜃 =
𝜋

2

ℎ
=
1
.3

ℎ
=
0
.0
2

ℎ
=
0
.0
2

ℎ
=
1
.3



• Because

𝜌𝐺𝐻 = 𝑋𝑒𝜌𝐺𝐻𝑋𝑒, ∀𝑒 ∈ 𝜕𝑅
• 𝜌𝐺𝐻 is block diagonal:

𝜌𝐺𝐻 =ໄ

𝒙

𝑝𝒙 𝜌𝐺𝐻,𝒙,

Notation:  𝒙 = ς𝑒∈𝜕𝑅 |𝑥𝑒⟩ , 𝑥𝑒 = ±1: eigenvalue of 𝑋𝑒.

• Ensemble of states from measurement: { Ψ𝐺𝐻,𝒙 }
• Probability distribution:    

𝑝𝐺𝐻,𝒙 = Ψ𝐺𝐻,𝒙 Ψ𝐺𝐻,𝒙 ,

• Subblock RDM

𝜌𝐺𝐻,𝒙 =
Tr𝐿 Ψ𝐺𝐻,𝒙 ⟨Ψ𝐺𝐻,𝒙 |

𝑝𝐺𝐻,𝒙

𝜌𝐺𝐻 is block diagonal

Tr𝐿

P. Buividovich, et. al, physics letter B 670, 141 (2008)
W. Donnelly, PRD, 85,085004,(2012);
H. Casini, et. al, PRD, 89,085012 (2014)

𝐾 𝐾†𝐾 𝐾†

𝑋𝑒∈𝜕𝑅 𝑋𝑒∈𝜕𝑅 𝑋𝑒∈𝜕𝑅 𝑋𝑒∈𝜕𝑅

=



𝜌𝐺𝐻,𝒙 𝜌𝑇𝐶𝐾 𝐾†=
𝑃𝒙⊗𝕀 𝑃𝒙⊗𝕀

𝜌𝑇𝐶𝐾 𝐾†
𝑃𝒙⊗𝕀

𝜌𝑇𝐶,𝒙෩𝐾𝒙 ෩𝐾𝒙
†

=

• Entanglement entropy (EE) of  𝜌𝐺𝐻 = ۩𝒙 𝑝𝒙 𝜌𝐺𝐻,𝒙:

𝑆 = Tr𝐿𝜌𝐺𝐻 log 𝜌𝐺𝐻 = −෍
𝒙

𝑝𝒙 log𝑝𝒙 + 𝑆𝐷

• 𝑆𝐷 is the distillable EE: 𝑆𝐷 = σ𝒙 𝑝𝒙𝑆(𝜌𝐺𝐻,𝒙)
• 𝑆𝐷: entanglement that can be accessed by gauge invariant operations.

• Subblock EE of ℤ2 GH model from TC:  𝑆 𝜌𝐺𝐻,𝒙 = 𝑆 𝜌𝑇𝐶,𝒙 , because 

Study distillable EE via quantum channel

TC:ℤ2 GH

P. Buividovich, et. al, 
physics letter B 670, 141 
(2008)

W. Donnelly, PRD, 
85,085004,(2012)

H. Casini, et. al, PRD, 
89,085012 (2014)

Karel Van Acoleyen, PRL 
117, 131602 (2016) 



• Conjectures:

1. For pure gauge along ℎ𝑥 axis (ℎ𝑧 = 0), 𝑆𝐷 = 0

2. In the deconfined phase with matter field,
𝑆𝐷 = 𝑐|𝜕𝐿 | − log 2.

• Efficient tensor network method to calculate 𝑆𝐷 for large 𝑁.

1. 𝑆𝐷 = 𝑐 𝜕𝑅 − 0 for pure ℤ2 gauge theory 

2. 𝑆𝐷 = 𝑐 𝜕𝑅 − log 2 for ℤ2 gauge theory 
with matter field in the deconf. phase.

Area law of the distillable EE
Karel Van Acoleyen, 
PRL 117, 131602 (2016) 

ℎ𝑧 = 0 ℎ𝑧 = 0

(d)

(c)

𝟏
𝐿 𝑅Tr𝐿

𝑁



Summary and outlook

• Using the quantum channel we can

1. Extract entanglement of  ℤ2 GH model from TC

2. Analysis how symmetries (EM duality) apply on RDM of ℤ2 GH model

3. Entanglement distillation of ℤ2 GH model from TC

• Outlook:

1. A practical approach to study entanglement of other gauge theories

2. Study entanglement of non-trivial SPT (SET) from trivial one

𝜌 𝜌𝑈𝐸,𝑔 𝑈𝐸,𝑔
†=
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